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Pressure of fluids and solids composed of particles interacting
with a short-range repulsive potential
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A simple short range repulsive potential~SR!, with an even smoother cut off than the Weeks-Chandler-
Andersen~WCA!–Lennard–Jones potential, yields practically the same pressure, both in the fluid state and for
the fcc solid, when the potential parameters are chosen such that the forces are the same at the distance where
the the two potential curves are equal tokBT. The comparison of the pressure for the SR and the WCA systems
is based on molecular dynamics computer simulations. The fluid branch of the equation of state is rather well
described by a modified Carnahan-Starling expression.

PACS number~s!: 47.10.1g, 62.10.1s, 64.10.1h, 66.20.1d
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INTRODUCTION

A fluid composed of particles which interact via the 6-
Lennard-Jones~LJ! potential cut off at its minimum~and
shifted such that it vanishes at the cut off distance! was con-
sidered by Weeks, Chandler, and Andersen~WCA! @1# as a
‘‘hard-sphere-like’’ reference system. This interaction with
purely repulsive force is frequently referred to as the WC
potential. In Ref.@1#, effects of the attractive force in a flui
with the full LJ interaction potential were treated as a p
turbation. Due to its short range of interaction and its smo
cut off, the WCA potential, taken as a model as such, is q
popular in equilibrium and nonequilibrium molecular d
namics~MD and NEMD! computer simulation studies. It i
the purpose of this note to point out that a computationa
still simpler short range repulsive potential~SR!, with an
even smoother cut off, yields practically the same press
both in the fluid state and in the fcc solid, provided that t
forces are the same at the distance where the the two po
tial curves are equal tokBT. The comparison of the pressu
for the SR and the WCA systems is based on MD compu
simulations. The fluid branch of the equation of state
rather well described by a modified Carnahan-Starling~CS!
expression@2,3#.

I. THE POTENTIAL CURVES

The Lennard-Jones~LJ! potential, cut off in its minimum
at r cut and shifted such that it is zero at the cutoff distan
r cut, was used by Weeks, Chandler, and Anderson@1# as a
purely repulsive reference potential. The WCA potential,
r ,r cLJ521/6r 0'1.122r 0, is given by

fWCA~r !54F0@~r /r 0!2122~r /r 0!26#1F0, ~1!

and fWCA(r )50 for r>r cLJ. The quantitiesF0 and r 0 set
the characteristic energy and length scales. A system c
posed of WCA particles possesses solid and fluid phases
no gas-liquid phase transition.

The SR potential, introduced in Ref.@4#, is defined by
PRE 611063-651X/2000/61~4!/4629~3!/$15.00
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fSR~r !5F0„928~r /r 0!…3, r ,r csh5
9

8
r 051.125r 0 ,

~2!

andfSR(r )50 for r>r csh. The potential parameters in Eq
~2! have been chosen such that, atr 5r 0, the values of the
potential functions and of their first derivatives are equ
viz., f(r 0)5F0 and f8(r 0)5224F0 /r 0, for both poten-
tials. In the following, results for the pressure are presen
for the temperatureT5F0 /kB .

In a quantitative comparison of analytic calculations w
results obtained by MD simulations for the structure of
ferrofluid, an equivalent scaling was used to relate ar 212

soft sphere potential to a screened Coulomb interaction@5#.
In numerical calculations and in the graph displayed here
physical quantities are expressed in the standard LJ unit
Refs. @6–9#, e.g., lengths and energies are given in units
r 0 andF0. When no danger of confusion exists, the dime
sionless variables will be denoted by the same symbols
the original quantities. Then the WCA and SR potenti
read fWCA(r )54(r 2122r 26)11, r ,r cLJ521/6, fWCA(r )
50 for r>r cLJ, and fSR(r )5(928r )3, r ,r csh51.125,
fSR(r )50 for r>r csh. Similarly, the number densityn
5N/V, whereN and V are the number of particles and th
volume of the system, and the temperatureT are expressed in
units of nref5r 0

23 and Tref5F0 /kB , respectively. The unit
for the pressure ispref5F0r 0

23.

II. PRESSURE VERSUS DENSITY

A. Remarks on MD simulations

Simulations at the constant temperaturesT/Tref51 and
constant number densitiesn5N/V (NVT simulations! in the
range n/nref50.1, . . . ,1.2 were performed for N5103

51000 and 438352048 particles, where the initial pos
tions were simple cubic and face centered cubic~fcc! lattice
sites. The equations of motion were integrated with the
locity Verlet algorithm with the time stepdt/t ref50.002. The
LJ reference time ist ref5r 0(m/F0)(1/2), andm is the mass of
a particle. A cubic simulation box with volumeV and peri-
odic boundary conditions were used. The temperature
4629 © 2000 The American Physical Society
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kept constant by rescaling the magnitude of the particle
locities which corresponds to the Gaussian constraint of c
stant kinetic energy. Typically, the system was aged
10 000 or more time steps corresponding to 20 or more
duced time units before the data were extracted as time
erages over 20 000 to 100 000 time steps corresponding t
to 200 time units. Aged states were also subjected to den
changes. The NVT simulations were performed on vario
Silicon Graphics workstations. Due to a link list procedu
@10# the computational time increases linearly with numb
of particlesN whenN.500.

The pressureP5nkBT1ppot is the sum of the ‘‘kinetic’’
or ‘‘ideal gas’’ contributionnkBT and the ‘‘potential’’ con-
tribution ppot. The latter quantity is computed according to

Vppot5
1

3 K (
i

r i
•Fi L 5

1

3 K (
i , j

r i j
•Fi j L . ~3!

The bracket indicates a time average. HereFi5( j Þ iF
i j is the

force acting on particlei, Fi j 5F(r i j ) is the force exerted on
particle i from particle j, r i j 5r i2r j , and F(r )5
2]f(r )/]r . The symbol( i , j means a double summatio
over pairs of particles.

B. Pressure of the SR and WCA systems

For the WCA system, the pressure as function of the d
sity has previously been reported@3#. In Fig. 1, the potential
contributions to the pressure are displayed as functions o
densityn, the temperature beingT/Tref51. These WCA data
are shown as large gray dots, the small black dots mark
corresponding results for the SR potential. Data points in

FIG. 1. The potential contribution to the pressure as function
the density, at the temperatureT/Tref51. The large gray dots and
the smaller black dots mark the results for the WCA and the
interaction, respectively. The curve through the points on the
stems from a modified Carnahan-Starling equation of state, valid
the fluid phase. The points on the right pertain to the fcc solid.
physical quantities are in standard LJ units.
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fluid ~left! and the fcc solid~right! are presented. In simula
tions where the particles are initially located on fcc latti
sites, both the SR and WCA systems stay in the fcc crys
line state for densitiesn/nref>0.97, and the crystal melt
whenn/nref<0.96. Starting the simulations with the particle
on the highly instable simple cubic lattice sites, a fluid, or
higher densities, at least amorphous state can be ‘‘su
cooled,’’ or rather ‘‘overcompressed,’’ to densities abo
n/nref51.0.

The pressure at the temperature chosen for the sys
containing particles which interact with the WCA and the S
potentials, respectively, is practical equal, for all densit
studied, both in the fluid state and in the fcc solid.

The liquid-solid phase coexistence has been analyze
Ref. @3# for the WCA system by simulations with consta
pressure~NPT!. For the SR system a rather similar pha
behavior is expected. The pressure curve shown in the g
for the fluid branch is based on a modified CS equation
state to be discussed next.

C. Equation of state

A modification of the CS equation of state for ha
spheres to particles with softer repulsive interaction has b
suggested and tested successfully in Ref.@3#. The equation of
state involves the second virial coefficientB25B2(T) and an
effective volumeveff , to be defined below, which also de
pends on the temperature. The potential contribution to
pressure of the fluid is

ppot5nkBTS nB2

~12nveff!
2

12
~nveff!

2

~12nveff!
3D . ~4!

For spherical particles, the second virial coefficient is co
puted according to

B2~T!52pE
0

`

$12exp@2f~r !/kBT#%r 2dr. ~5!

The effective volumeveff(T), is given by

veff~T!5~p/6!deff
3 , ~6!

with the effective diameterdeff5deff(T) determined by the
distance where the binary interaction potential is equal to
temperature

f~deff!5kBT. ~7!

At T5Tref , one has dref5r 0 and consequentlyveff

5(p/6)r 0
3'0.5236r 0

3 both for the WCA and the SR interac
tion. The virial coefficients differ slightly, viz. one has, at th
temperature considered,B2 /r 0

352.1900, 2.2047 for the SR
and WCA cases, respectively. The curve shown correspo
to the SR case, on the scale of the figure, it agrees with
WCA curve.

At the temperature T50.5Tref , one has veff /r 0
3

50.5652, 0.5667 andB2 /r 0
352.338, 2.357, for the SR an

WCA interactions, respectively. At the temperatu
T52Tref , the corresponding values areveff /r 0

3

50.4742, 0.4766 andB2 /r 0
352.014, 2.036. The differ-

ences of these values for the SR and WCA cases are ra
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small. Thus also for these temperatures in the vicinity oT
5Tref , the modified CS equation of state practically yiel
the same pressure for the two potentials compared here

III. FURTHER COMPARISON BETWEEN THE SR
AND WCA SYSTEMS

To provide a feeling for physical quantities which a
practically equal for the SR and WCA potentials, and
others where somewhat larger differences are expected
merical values are mentioned next. These quantities are c
puted at the temperature isT/Tref51 and at the density
n/nref50.84, which corresponds to the tripel point density
the LJ system. The potential contributions to the energy
particle and to the pressure areepot/F050.97, 0.96,
ppot/pref56.9, 7.0 (pref5r 0

23F0) for the SR and WCA
cases, respectively. Here the differences are less than
The values of the high frequency shear modulus, compu
according to the Born-Green expression@11–13#, G/pref
522.9, 25.8, differ by somewhat more than 10 percent
the SR and WCA potentials. Similar differences are fou
for the viscosity, evaluated by nonequilibrium molecular d
namics ~NEMD! computer simulations, viz. h/h ref
52.2, 2.5, withh ref5preft ref , t ref5r 0(m/F0)1/2. The Max-
hy
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well relaxation timet5h/G is approximately 0.1t ref , in
both cases.

IV. CONCLUDING REMARKS

At the temperatureT5Tref5F0 /kB , and for tempera-
tures close to it, the simple SR potential leads to practica
the same pressure, as function of the density, as the W
Lennard-Jones potential. The SR potential has no singula
at r 50, and it has a smoother cutoff, compared with t
WCA interaction. Not only the force, but also its first deriv
tive vanishes at the cut off distance. This point can be
vantageous in MD and NEMD computer simulations. T
analytic form of the SR potential makes it well suited as t
repulsive part of the interaction of atoms in metals, or
colloidal particles in solutions, in the spirit of embedde
atom models@14,15#.
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